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ABSTRACT 


In this thesis two recurring problems of Quantum 
Field Theory have been investigated: The problem of a 
massive gauge invariant spin-one field and the problem 
of "ghosts" in theories that attempt to describe bound 
States. 

The first three chapters are devoted to the gauge 
problem. It is shown that a skew-symmetric second rank 
tensor can be used to describe a spin-one quanta and 
that this formulation allows us to retain manifest gauge 
PnVarlance., — (he sinceraction Of, this field witheawiarac 
field is considered and it is shown that gauge invariance 
greatly restricts the possible form of the interaction 
Lagrangian. It is shown that the theory obeys "Matthew's 
Rule" and that the mass equals zero limit exists for 
Certain o-mMatrax elements. Chapter 3 1s ‘concluded with 
a Giscussion of the relationship to the usual Proca tor— 
mulation of the spin-one field and its minimal coupling 
to. tnesLirdC ficld. Ic UseShown Chateoun mtceraccion 
is equivalent to the minimally coupled form when the 
Gauge 1S fixed, except, Lor the appearance Of a siour= 
fermion term. 

In the second half of this work we have investi- 
gated some of the properties of four-fermion interactions 


in relation to the more general problem of bound state 
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"ghosts". In Chapter 4 we make a detailed analysis 
Ora mModtrication to the, Yukawa interaction. in. this 
model a four-fermion term is added to the usual linear 
coupling of the pseudoscalar meson to the Dirac field. 
We find that a bound state does exist but that it is 
DO Grae nOS a. 

Finally, the propagator for the vector field 
interacting with a Dirac field is examined to see if 
a bound state exists for the theory we develop in the 
EeSt anhalt fofmeuhasBehnesis. Lt =issiound that a bound 
state does not appear in this case. 

Chapters 2 and 3 have been published [Takahashi 
and Palmer, 1970; Palmer and Takahashi, 1970] and 
the fourth Chapter is presently being prepared for 
publication. Several papers have appeared in the last 
year that have examined some aspects of the spin-one 
theory we discuss. In particular, Macfarlane and Tait 
[1971] have done some further work on the basic forma- 
lism while Shamaly [Shamaly and Capri, 1971] and 
Jenkins [1972] have worked on the interaction with 


the electromagnetic field. 
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CHAPTER 1 


INTRODUCTION 


Modern Physics has taken us into realms where 
Our intuition, is at best on very shaky ground: Our 
classical experience is often more a hindrance than 
a help. Under these circumstances conservation laws 
have taken on an increasingly central role. They 
express in simple concise terms a great deal of 
experimental data. In classical mechanics the 
application of the principles of conservation of 
energy and momentum is often the most direct method 
of solving a problem. These "laws" can, of course, 
be derived from the equations of motion and it is these 
that are usually considered fundamental. The change 
that has taken place is that in Modern Physics it is 
the conservation laws that are considered basic and 
the equations of motion, in some sense, a consequence. 

One example of this change of philosophy is the 
case of the so called "Strange" particles. Analysis 
of bubble-chamber photographs for high energy processes 
revealed that certain particles were always produced 
It pai rs ait was postulated that,, 1n analogy to .elec— 
trical charge, these particles must possess some intrin- 
sic charge, later called their "strangeness", that had 


to be conserved. The philosophy being that any event 
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that did not violate a conservation law Musi ttakemplace. 
It followed that there must be a conserved quantity 
that forbids the single production of these particles. 

inpitheisecontext) ofylagrangranttelds Theory, ra 
conservation law manifests itself in the form of a 
symmetry property of the Lagrangian. We should not 
make the mistake of assuming this to be a property of 
Field Theory alone. Even in classical mechanics it is 
possible to write equations of motion that are, for 
example, invariant under time translation but violate 
the conservation of energy. We find, however, that 
either no Lagrangian exists for these systems or that 
the Lagrangian is not itself time translation invariant. 
In the examples we shall consider a Lagrangian always 
exists and the symmetry of the field equations is also 
present in the Lagrangian. For our purpose a conser- 
vation law implies a symmetry in the Lagrangian and 
vice-versa. 

Whilst the conservation of the intrinsic charges 
such as strangeness, greatly reduces our labour in 
Particle Physics by creating selection rules amongst 
the myriad of possible processes, they cannot in them- 
selves completely describe particle phenomena. The 
clearest indication) of this is that these “new’ 
conservation laws have only a limited range of appli- 


cation. We know, for example, that a change in total 
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strangeness is possible in the weak and electromagnetic 
interactions. In other words the conservation laws are 
violated under certain circumstances. Any "final" 
theory of elementary particles must have this violation 
built-in. Little progress has been made in this direc- 
tion. The strong interaction, however, conserves all 
these intrinsic charges exactly, so in this restricted 
area we may expect some degree of success if we build 
our theory around the conservation laws. 

This approach to a theory of the strong interac- 
tion was first seriously suggested by Sakurai [1960, 
1969], although the basic idea in his work can be 
traced to the much earlier paper by Yang and Mills 
P1954). 

In attempting to develop a new theory we should 
always examine the successes of the past. The only 
real success in Field Theory has been Quantum Electro- 
dynamics, so it is reasonable that one should look 
there for inspiration to proceed. 

In Quantum Electrodynamics the conservation of 
electrical charge is related to the concept of gauge 
invariance. Not only does this simple internal 
symmetry of the theory lead to the conservation law 
bUbeTte aAlLsovolves us thesCOLrect st OLMmeOLetie diicel— 
action Lagrangian. Regarded from a more positive 


point of view, it could be said that the conservation 


- wai 


- 
7. = ike — saaw sds gis. akevon at vesde 


‘Gxe awsl noivevisence eis ebuow toads: at ‘ENOLSBE 


7 ‘tartt" wan  /wes antag tinivay teba7 enatot - 7 


noigelezy 224 avad ts0m egloisteq yxrssasmets to yi08 
i 7 rm - 


7 4 
-gail® ervs (1 sbém neud ced seo7parg Slash lial ater - 


> 
AL) 

f 

s 
ad 
= 
a 
cs 
Lit) 


vVowod ee @rgavsint paotee- ent - <f08s 


bedoteteot <eitt at Ge ,vigpaks eoprant ahaneaeie owt a 


7 


Siivd ew Wt “ou 8 10. 889005. sliipt JORGxS Var Ow eg7e 


PWs. noel tevs5eqdou fi Diets vIoeds wo 
~— iw erst jis t x TORT u-O2 Ise 2ote ait : 
Ot) £2 2 wa Se@aéopue vlecoiase. text>-eaw aeke 

aa 7 
in| 64 eg Tal (re Shu rn cath Sti Ou yi l8 , beoer 
1a iA se ; sc1 64 t4y1 759 Hoon eyo Oe o7 beanr? : 
’ 7 


fa 8 
. weeny 


bivode sw Gioadt Won's golbvep 64 peviqnedte wi Jo” * 
—_ 
a4 Cy sii 1a GQ 24 D<. 29h eS 0onre «ots aliineke ayswls 
re 4 
ineit minglLO need aet yroedT Bleld nt aieoaye (soz 


ol Biwoerle aga 16rd Sidanoasss et 35 Ge eoimergh 


(WSsDO1d OF HORT ioens 107 2 ari 


LG iO FSi 2002 (Sh snansnyor 15913 ee dice ms 
auiie to tgenes 6A ot betefor ai pogo b <a 
ferwwsnt slqing Sia sha nee ai 
. Wal nOdeerrebans ott OF es we 


: ~207n2 Eo | 429 ite ieee be STO. edu eel 


évi- HeDq ros 8 Dail 2 aan SH Ni 

_ i 

= a i _: 4. by Dy 
a os esevEstce | eit rye nee sib 


- +6 - - 


: 


Of electrical charge is the raison—d' etre, of the 
electromagnetic field and completely determines how 
it will interact with the charge carrying quanta. 
surely we should try to find an analogous approach 
to the strong interaction. 

In the absence of the weak and electromagnetic 
interactions we have three exact symmetries. Fore- 
most there is baryon number conservation. This is 
an exact symmetry even in the presence of the weaker 
interactions and so should have very deep theoretical 
Significance. After all, it could be said we owe our 
very existence to this conservation law. What else 
forbids the decay of the proton? Baryon number is 
also the only quantum number that distinguishes between 
the fermions that take part in the strong interactions 
and those that do not. The other exact symmetries that 
apply in the realm of the strong interaction are related 
to strangeness, hypercharge and isotopic spin. As 
strangeness and hypercharge are related through baryon 
number we can look on either one as a basic conserved 
quantity. Hypercharge is usually given this honour 
although there seems little a-priori reason for one 
choice! ‘over the other. 

Isotopic spin, which was the first of these quan- 


tities to be associated with the gauge idea [Yang and 
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Mills Mi254i@awas wuntroduced originally. in connection 
with the charge independence of nucleon-nucleon inter- 
actions in the absence of electromagnetic effects. 
All experimental evidence suggests that this indeed 
an exactly conserved quantity for strong interactions. 
If we believe in Lagrangian Field Theory, the strong 
Lagrangian must exhibit these three symmetries. 
Elementary text books state that baryon number 
conservation is a result of the phase invariance of 
the Dirac Lagrangian. The argument goes as follows: 
If baryon number is conserved then there can 
be no unitary operator that connects a state with, say, 
baryon number one to a state with baryon number equal 
to zero. It follows that the relative phases of states 
with different baryon number are completely arbitrary. 
Physical quantities should be independent of the trans- 


formation 
[A> + exp{iB\}|A> , (ele) 


where |A> is an eigenstate of the "baryon operator". 
In Lagrangian formalism this implies that the Lagran- 


gian should be invariant under the transformation 


IxietRcaoell Cc) By (1.2) 


where W(x) is the field operator associated with the 


baryon carrying quanta. 
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Hypercharge conservation can be treated in exactly 
the same way, as too can isotopic spin except that in 


this case the associated transformation is 
° Pe aa 7 
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In the above transformations } is assumed to be 
a real’ constant (or a.constant vector in isospace) that 
does not depend on any particular space-time point. 
This is absolutely necessary for the invariance of the 
free Dirac Lagrangian. What does this imply? It says 
that if we carry out a transformation at one point with 
some arbitrary value of i then a simultaneous transfor- 
mation with exactly the same value of i must take place 
everywhere. Yang and Mills [1954] found this very 
unsatisfactory. It seemed to violate all our usual 
ideas of locality. Why, they argued, should choice of 
isospin gauge (which is the equivalent of distinguishing 
between the proton and the neutron) at any one point 
Mean that the choice is fixed for all space time? 

To get round this “difficulty Pauls introduced the 
concept of a gauge transformation of the second kind, 
now more usually called a local gauge transformation. 
Pimtiuc@e toma )lowcdelO Dera) tUncE OnmOLex st etiis 
is done, the Dirac’ Lagrangian is no longer invariant 


unless we add an interaction term of the form 
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In this equation AS is a vector field which transforms 


under the gauge transformation as 
PSE On ANE tae al 5 
u' ) : , Co) (125) 


and ) is a current that is conserved as a consequence 
of the invariance of the total Lagrangian. 

Sakurai [1960] suggested that the strong inter- 
action should be described by an interaction Lagrangian 
made-up of three terms like that in equation (1.4). 
There would be three vector fields and three coupling 
constants, one associated with each of the three basic 
internal charges: baryon number; hypercharge and isoto- 
pic spin. The corresponding currents would be made up 
Gta SlumeOrethe VECLtOr current, contributions fromeeacn 
of the charge esa ents fields. For example, the baryon 


current, T(x) would be, 


B =) i age 
= i a5 ap Re abet 
Jy (x) aT hy ea es 
(ee) 
There would be one additional term for each baryonic 
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efficient of each term would be one as each field has 
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the same baryon number. (If such a thing as a super- 
baryon with higher baryon number, n, was found in the 
future then it would be added in in just the same way 
except that its coefficient would be n.) 

One can immediately appreciate the elegance of 
this scheme. Particles carrying the conserved charge 
interact through the medium of a vector field whose 
very presence is a consequence of the conservation 
law. Such a scheme exhibits so many properties that 
we instinctively desire in a physical theory. It has 
Great; simplicity, 1 is the result of a logicals approach, 
and it contains a "dynamical manifestation" of the 
internal symmetry. 

The idea that a symmetry should be directly related 
to the appearance of a field is an old and recurring 
theme. A model such as that due to Schwinger [1956 ] 
in which the pion field is considered as a dynamical 
manifestation of hypercharge conservation is a good 
example. 

Critics: of poakuLal Ss) (heory willy polne,out@cnat 
one thing it lacks is the wide range of experimental 
verification of the Yukawa-type interaction. This 
tewecercainily acLue. but no Obvious, theoretical, reason 
ScemstOsexist tor tie Linear, coupling, of the 2zero 


spin field to the baryon field. Sakurai’s scheme has 
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thes Woye-aeWnat.i to mist do in the final analysis is, 
of course, to reproduce all the successes of the 
Yukawa coupling. 

On a qualitative basis the theory suggested by 
Sakurai had many successes and having only three 
parameters is certainly a tremendous improvement 
Over most phenomological approaches. It has, however, 
one devastating flaw. Gauge invariance of the whole 
Lagrangian can only be achieved, it seems, if the 
vector fields have zero mass! Lee and Yang [1955] 
have examined the experimental consequences of the 
vector field associated with baryon number being 
massless. They conclude that such an interaction 
can have nothing to do with the strong coupling! 
Attempts have been made to overcome this difficulty: 
The gauge idea can be dropped and the minimally 
coupled equations taken as the starting point; a 
scalar field can be introduced to save the gauge 
principle using the method developed by Stueckelberg 
[1938] as has been suggested by Fujii [1959]. Both 
these approaches seem highly unsatisfactory in the 
light of the original idea. 

Another possible solution to the zero mass 
problem of gauge-independent field has been suggested 
on many occasions since Sakurai's original paper 


appeared. This is to let the Heisenberg field have 
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zero mass to preserve the gauge invariance but have an 
interaction that will generate a mass term at the level 
Ob the phystcalstields. p.this approachswould.fol low 

much the same philosophy as the Nambu model [Nambu and 
Jona-Lasino, 1961] for the fermion field. No completely 
successful theory of this type has been developed and 
any such theory requires. the ad hoc introduction of 
self-interaction terms of some variety in the Lagrangian 
that would again be in contradiction to the spirit of 
thes originalLwsidea. 

More recently interest in the gauge fields has 
been revived by the numerous investigations of theories 
involving spontaneous breakdown of symmetry. The 
success of such theories in non-relativistic problems 
such as superfluidity, superconductivity and ferro- 
magnetism, has inspired the hope that they might lead 
to deeper insight in the relativistic domain. 

In the relativistic case we know that the spon- 
taneous breakdown of symmetry must be accompanied by 
the appearance of a massless scalar particle [Nambu 
and Jona-Lasino, 1961; Goldstone, Salam and Weinberg, 
1962]. Such particles are not seen in nature., Higgs 
bLOG4 (a) poL964(b), 81966] sand Kibble.[1967/7] shavepsug= 
gested. that. this difficulty can be overcome if the 


conserved currents are coupled to gauge fields. This 
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suggestion was motivated by the observation that the 
B.C.S. model does not contain zero mass excitations 
1£f the Coulomb interaction is taken into account 
[Anderson, 1958; 1963]. 

The appearance of zero mass particles in these 
broken symmetry theories is certainly a major draw 
back, but it must be remembered that it is the 
appearance of the "Goldstone bosons" that is closely 
related to the preservation of the current conserva- 
tion that corresponds to the original symmetry 
[Umezawa, 1965; Sen and Umezawa, 1967]. Ina recent 
paper, that examined this point in detail [Aurilia 
and Takahashi, 1971], it was shown that even when there 
are gauge fields, internal consistency demands the 
presence of massless particles. These, in turn, become 
the carriers of the original symmetry transformation. 
ASeevepoint, pcoaw came Our OL this paper, 1S that, tne 
physical vector field does not obey the Proca equation 
but rather a gauge invariant massive equation. This 
only agrees with the Proca equation when the gauge is 
fixed. 

A spin-one field can, of course, be described by 
several equations other than Proca's. [In particular, 
by formulating the spin-one field in terms of a skew- 
symmetric tensor [Iwaski, 1968; Chang and Gursey, 1969; 


Takahashi and Palmer, 1970] we can arrive at a gauge 
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invariant spin-one massive equation. Such a formula- 
tion is discussed in chapter two. We will show that 
teltsigauge invariantlatdleast inithesfree! fieid 
case. The equationswe arrive at are of exactly the 
same form as those for the physical vector field that 
appears in Takahashi's and Aurillia's paper we dis- 
cussed above. 

Unfortunately, this formalism does little to 
progress towards a solution of Sakurai's problem as 
no Lagrangian has been found that will remain in- 
variant under both a local gauge transformation of 
the Dirac field and the spin-one field. The Dirac 
Lagrangian does maintain global gauge symmetry which 
preserves the current conservation, while the insis- 
tence on gauge independence for the spin-one field 
greatly reduces the number of possible forms of the 
interaction Lagrangian. 

While such a theory cannot be said to solve the 


problem of the massive gauge field, it does much that 


is required of any such theory. The true significance 


of gauge-independence seems to be that it gives a 


definite: prescription: fori the) selectton wfyone? fomm 


a 


of interaction Lagrangian from the vast range possible. 


This formulation certainly achieves that end. It is 


also interesting to notice that when the gauge is fixed 
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in the interacting case, so as to recover the Proca 
equation for the spin-one field, the usual minimal 
coupling is also regained plus a four-fermion current- 
CULTeENtCELY Dee Celi wit 1S. JUSCHeSUCN ay term thatrtcoula 
be expected to reproduce the phenomenological Yukawa 
interaction [Fermi and Yang, 1949]. 

The second half of this thesis is taken up by 
an investigation of four-fermion interactions. In 
chapter four we examine a Yukawa interaction that has 
been modified by the addition of a four-fermion self 
interaction term. The interest in this investigation 
is centered around the possibility that fermion- 
antifermion boundstates may exist, 

Models in which the particle propagators have 
more than one pole, as is the case when we have a 
boundstate, usually lead to the appearance of states 
with negative norm. Umezawa [1956] shows that, in 
general, if we have 2n poles in the propagator then 
n will be associated with a renormalization constant 
that is positive but the others will be negative! 
Thos ‘suggests that in half the cases the square of 
the coupling constants will be negative even if they 
were originally introduced in the Lagrangian as real 
parameters! He suggested that one way this difficulty 


could be overcome is if we could find a model in which 
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the propagator had a zero between each pole. The 
modified Yukawa interaction has just this structure. 
Examination of the modified Yukawa interaction 
suggests that the propagator for the vector field 
should be investigated to see if it too has the 
structure required by Umezawa. We find, however, 
that in this case there is no boundstate. The 
principal difference between the two cases that 
gives rise to the different result is that in the 
Yukawa-type interaction we have two independent 
Couplang constants, ein tie; vectom case, on tne 
other hand, the coupling constants of the four fermion 


part and the “minimal” part are closely related. 
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CHAPTER 2 


A GAUGE-INDEPENDENT FORMULATION OF A 


MASSIVE FIELD WITH SPIN ONE 


In this chapter we describe a formulation for a 
massive spin-one field that is gauge-independent, at 
least in the free field case. We start with the 
Maxwell field equations and show that there are at 
least two natural generalizations which describe a 
massive field. One is the usual Proca Sauati on while 
the other uses a skew-symmetric second rank tensor and 
maintains manifest gauge invariance. 

A Lagrangian is constructed for the tensor field, 
the quantization carried out and the wave functions 
constructed. Finally, we show the relationship between 


thus formulation and that of Proca. 


Zl thie yhieldsEquatiton 
The first equations that were used to describe a 
spin-one field were the Maxwell equations. In the 


* 
NObeacilon that 1s adopted throughout) this thesis). they 


* . . . 
The notation and conventions used in this thesis are 
given in Appendix A. The notation is that used by 


Takahashi [1969]. 
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can be written as: 
0. F = 0 
5 wy he? (21) 
OF Een ao ate DE an, OS ar eee == (ys (2525) 


Equation (2.2) implies the existence of a vector field, 


SBE which is defined by 
ee) = gpa ee) = 3A : (CR ey) 
Equation (2.1) can then be written as 


ALS 3 a oe? A. (x) =. Ou. (2.4) 


These equations are gauge invariant, in the sense 


that if we make the transformation 
(x) (x) + 9. A(x) (2.5) 
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the new field, BY tel obeys the same equations 
of motion as Seale This freedom can be removed by 


imposing the subsidiary condition 
oh diel ae Oar (2.6) 
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This condition has the effect of removing the spin-zero 
part of the vector field and leaving us with pure spin- 
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The most straightforward way to generate a 
field equation for a massive spin-one field is to 


replace (2.4) by 
2 — 
Ci ies ern ors = 3,9 IA, (x) = iib % (ea) 


That is to make the obvious generalization 


ge ON en wage (2.8) 
Equation (2.7) is the usual field equation used for a 
MasSive spin-one field. It is referred to as the 
Proca equation. In making this generalization we 
have destroyed the gauge-invariance, but now we see 
that the subsidiary condition follows directly from 
the equation of motion. The Proca equation thus still 
describes pure spin-one despite the loss of the gauge 
freedom. 

The Proca equation is not the only possible 
generalization of the Maxwell field. We could, for 


example, write equation (2.2) as 


Bh =—§ Oke, (2.9) 
then our generalization procedure, (2.8), leads to the 
equation 
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This in no way denies the existence of the vector field 


so we still have 
F = A ~ 4 
i) (x) ry . (x) aA, (x) (Pea 


This formulation has the advantage of preserving 
the manifest gauge-invariance. In fact, as we will 
show later, the addition arbitrariness that is intro- 
duced by writing equation (2.9) can be removed by 
fixing the gauge. If this is done, equations (2.10)- 
(2.11) are equivalent to the Proca equation. Coombes 
[1968] has suggested that (2.10) should be used in 
preference to the Maxwell equations to describe the 
photon. He retains the mass throughout his calcula- 
tions, taking the mass equals zero limit at the end. 
He argued that the vector potential is basically an 
"unphysical" object only introduced into Classical 
Electrodynamics to simplify the mathematics, so it is 
not reasonable that the vector field should become the 
physically important entity when we go over to quantum 
theory. The mass equals zero limit does not exist for 
the Proca formulation and it is not shown that it 
exists in Coombes' theory either. We will show that 
this limit doestexist' an our Case) tor S-matrix elements 
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The possibility of describing the spin-one field 
by equations (2.10) and (2.11) has been known for Some 
time [Iwasaki, 1968; Chang and Gursey, 1969] but it 
Nas provengveryidrfircultstotfindya thagrangian that 
will lead directly to these equations. A Lagrangian 
can be found, however, if we express the theory in terms 
of the dual tensor, eee This field obeys the equa- 
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De ee Oe (2.14) 


Kyriakopoulos [1969] has constructed a Lagrangian 
for a similar field but he had to impose the symmetry 
condition, (2.13), separately. Such a Lagrangian does 
Noescontaln all= the antormation avout the vr 1eld sand 
thus greatly complicates the quantization procedure. 
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See, for example, Takahashi [1969], Chapter 5. 
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where 


- a 
Yay i) = Deena : (2206) 


The Euler-Lagrange equation with respect to Vy 


is 
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(C= m) 0) () - Wy O01 18,9,0,, 00 - 258.0) GO] 
+ Lee yee) = Ace Opeea| 

= m [ (x) tig, (sil ee p29) 


It must be emphasized that the symmetry of De LSenot 
assumed when taking the variation. However, if we 
interchange wu and v in equation (2.17) and add the 
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The last term in this expression is identically zero 
since i is skew-symmetric. Hence, for m # 0, we 
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ore) = 0. (Zaee) 


Finally if we substitute (2.21) into (2.20) we arrive 


at the Klein-Gordon equation for the ies fLeid: 
(0 - m7)y (x) =0 . ores 
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The Euler-Lagrane equation, (2.17), contains all 
three equations (2.12)-(2.14) so we may express the 


equation Of motion in the form 
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Heacoe = TOS (94-8) Yo (x) (230) 


is conserved, since 


0,5, (x) = B(x) (8, + 9,7 (3,-3) V5, (x) 
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By eVurcue Ob (2224) 7and ats Hermitian -conjugate,. asc, 


Wish oe Hiei s)-n=10 ® (2.32) 


2 aeeeOUanELZacLoOM 


The quantization of Dye les. can be easily carried 
out using the general method described by Takahashi 
[1969]. Our goal is to construct the energy-momentum 
operator, P_, and the commutation relationship for the 


Vin field so that the Heisenberg equation 


Secon etx) Po (2.33) 
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is consistent with the equation of motion 


U ohyeea ere = 0 . (2.34) 


To achieve our aim we first separate out the special 


dependency of the field operator. That is, we first look 
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label r=1,2,3 distinguishes between the Bicones 
helicity states. We now that these functions form 
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These normalization conditions are independent of time, 
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U(x) (3, + 35) 1, (84-3) U (x) 
=50 an i (538) 


The closure conditions are 
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Since these functions form a complete set we can 


expand the field operator, Dag Relic in terms of them: 


3 


= Pia) (x) (ryt (xr) 
ee (x) at fapta eo Ee) ate DV ouy 8) 
G2:54 1) 
We can now see that if 
Pp =- L [ao (x) p y (X) 08, a, ie (d ~3) 0 (5) 
u 2 r rl VC Dan a one 
(2084 2°) 
and 
Gh, AS end = ha Sh (2.43) 
fear EP gail NP Gp ee Oe (2.44) 


© The functions ae A’) ana “A are: solutions ofthe 
Klein-Gordon equation with mass m. Their properties 


are given in Appendix B. 
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then (2.33) ase"*satisized. 
Le evsrevident, that a qdefined by equation (2.242) 
is conserved, i.e., 


6P 
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So (x) = 0 (2845) 


because. of equation, (2.28). 1 It therefore satisfies, one 
of the necessary conditions on the energy-momentum 
eperatoring lo showy that atealso satasfies.~(2.35),we 
first calculate the commutation relationship for the 


ance field using they commutators, (2.43) sande (2.44). 
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The last step 1S obtained by combining the two closure 
Conditions, (2.359.) and (2.40). 
Weweould now use (2.46) to prove that a satisfied 
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which 1s obtained’ by substituting (2.41) into (2/42), 
ising mciesnormald gat OnecOnd1 tons: (2030) 'eand 6C2. 37) i 
In this form it is easily seen that the energy is posi- 
tive definite and it is obvious that Pi does indeed 
Sacwer ye (2455) 

It can be shown that if we assume the field 
Operator forms an irreducible’ ring; that 1s that -any 
quantity that commutes with Dee. at all times 1s a 
c-number; then one is unigue [Takahashi, 1969, Chapter 6]. 
The P_ we have constructed is then the energy-momentum 


operator. 


2.3 The Wave Functions 


To complete this discussion. of the free freld we 


must construct the wave functions Sea) used in the 
field expansion (2.41). We could, of course, use the 


general method outlined by Takahashi [1969] to construct 

them directly from the equation of motion but an easier 

method is available in this case. 
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sie = m=) /2m7 118 (2.49) 


Own iy on 


where Se is the Klein-Gordon divisor for the Proca 
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This suggests that the wave functions can be constructed 
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Let the two vector wave functions be ws” (p) and 
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a ey, With m,m'=1,0,-L. The cocrficients of the 


necessary combinations are given by the Clebsch-Gordan 


theorem. Hence, 
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pean, (7) 7 
la (p)u,, (ere diy (ip) /2w (p) : (2.53) 


we obtain 
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Perec te (p) B57) (p) 
r=1,U,- 
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(ip) ]/2w (p) 


iL ; : : 
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= do ivap (2P)/24 (p) a C2554) 


This agrees with the Fourier transform of (2.48) on the 


mass shell. 


224. lhe Relationship to the Proca Formalism 


In section one of this chapter we have shown that 
a massive field with spin one can be formulated in terms 
of a second rank skew symmetric tensor. A Lagrangian 
has been constructed and the quantization carried out. 
thessubsidiary conditions, (2.03)=(2. b4)eimply the, exis— 
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for any scalar function A(x). We will now show that 
the’ field, Vath) agrees with the Proca field when this 
gauge freedom is removed. 

Let us introduce two three-vectors E and B defined 


by the equations 


E, (x) = 28 eye (Zn 
Be (x)= 9-2 | (x 2250 
50) Vs 4 (x) (2258) 
where 1,),;K = 1,2,3 and Sik LSectice LOtatiyesnew— 
symmetric tensor in three dimensions. Then equation 
(2.14) becomes 
V.B(xf 9= 0 (25a) 
0B (x) 
V x_E (x) 7 Lee : (2560) 
The vector field is related to E and B by 
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E (x) TE VV, (x) ( ) 


On the other hand, the Klein-Gordon equation for ee 
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eqvaGions except for the arbitrary gauge y. | Thus, if 
we fix the gauge we regain the Proca Equations. 

There is another way of showing the equivalence 
Ofeour formulation. to that of Proca. This method 
illustrates the relationship between our theory and 
the more usual tensor formulation of the spin-one field 
in a more direct manner than the one we have given 


already: We will show that both sets of equations are 
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derivable from the same primitive version [Macfarlane 
ende late Lo 7. |e 
Let us consider the Bargmann-Wigner equations for 


Spin-one: 


It 
oO 


ene + m) vp (x) (2.68) 
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v0) (yd + m) (269) 


The ie that appear in these equations are the usual 
Dirac matrices and i, is the transpose of Tue The 
field operator, w(x), is the totally symmetric spinor 
of second rank. 

As the field is a 4 x4 symmetric matrix in spinor 
Space we can expand it in terms of the sixteen indepen- 
dent combinations of the Dirac matrices. Care must be 
taken to preserve the symmetry. In fact the symmetry 


condition implies that there are only two possible ex- 


pansions: 

y(x) = imy, CA, (x) + 5 0, CF, (x) (2.70) 
and 

w(x) = imy, CA, (x) + 5 yon Conan (ona) 
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ea = Nace etc. thus preserving the symmetry. 
If we take the expansion (2.70) and substitute it 


into, (2.08) and (2.69) we get 
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ne oe = ZS tn a BI . (2373) 
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get the coupled equations 
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one =uaA . (2.75.) 
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Or, 
(Sa eee (2.78) 
uv ’ c 
oa renee ees Aes (2.79) 
F + F =pi0m . (2.80) 


The system~of equations» (24 78)-(2. 80yeus) the usual 
tensor formulation of the spin-one field. 


If, on the other hand, we use the expansion (2.71) 
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(Ch sxO4es en tele ) 3 
Gag Rit ie cance (2262) 
which imply 
2 os 
(Ee semn Gy. + 99 gS eq — Oo oe = 0 (2.46.3) 
or equivalently 
Cia m-)G = 0 (2.84) 
LV 
0.G = 0 C2535) 
H UV 
G + G =O . (200) 
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But these equations are just those we have derived from 


the Lagrangian (2.15). 
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Since we have established the existence of the 
vector field Vi Oe it is interesting to see how the 
various relationships derived in section 2 can be 
expressed in terms of this field. 


For example, the commutator 


Hey (x) YW, feo oe To ae 
becomes 
Ky (69) ai Ep Se bee ee en ier) 
0 oO m< ome) 0-0 


ro compare: this result with the Proca commutator, it 
must be noted that Me defined by (2.55) does not have 
the same dimensions as the Proca field. If this is 
taken into account then (2.87) is the same as in the 
Proca case except for the gauge freedom expressed in 
ChewabDltlary srUnCt1ON sp(k-x Jeane lace Oba \X— xia). 


We have also found the energy-momentum operator, 
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ee ao, tig, (2 - ete a1 Mil 
fei eea fe 3,,) (By SU inal (2.88) 
where 
Wee CR Va a Vela (2.89) 


Again, this expression indicates the manifest gauge in- 


variance that we have maintained throughout. 
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This concludes our discussion of the free field 
equations. We will now turn our attention to the 
interaction of the tensor spin-one field with a Dirac 
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CHAPTER 33 


THE INTERACTION OF THE GAUGE-INDEPENDENT FIELD 


WITH A DIRAC FIELD 


The tree field equations for a massive field with 
spin one that preserve manifest gauge invariance have 
been discussed in Chapter 2. We now investigate the 
PnceLractiomon eis field wrth alDirac E£leld Bix). 

In this theory we are unable to maintain the local 
gauge invariance of the Dirac field although we do, of 
course, retain the global gauge invariance that ensures 
the conservation of the current 


fs -iB (x) y B(x) : fond) 


While we lose the connection between gauge in- 
variance and the form of the interaction Lagrangian 
that is the rewarding feature of Quantum Electrodynamics 
we find that maintenance of our gauge principle does 
impose very strong restrictions on the form of the inter- 
action. Further, if we fix the gauige in this theory so 
as to regain the Proca equations for the spin-one field 
we find that the fermion is coupled "minimally" to the 
VeECLor Laeld. 

Another, interesting feature of this formulationgis 
thatthe mass equals zero limit does exists forss-=nainis 


elements that contain only internal meson lines. 
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a5 The Interaction Lagrangian 


The statement that our formulation is gauge- 
independent depends critically on the existence of a 
vector field. That is, for the gauge-invariance to 
have any significance we must be able to make the 


identification 
py (x) = 5 € ov (x) (2) 


that we have discussed in the previous chapter. 

In the free field case we have shown that this 
identification is always possible, but when an inter- 
action is present the situation is not so clear. 


In general the propagator for the Ce caer cleans 


<O(T* (V(X) Wy, Cx") | 0> = id (9) A (xox!) . (3.3) 


HVOp 


We can see that as the Klein-Gordon divisor can be 
expressed in the form (2.49) we may expect to have 
both spin-zero and spin-two propagating as well as 
the desired spin-one. If this is the case we will 
have no vector field in our theory. 

Let us assume that the equations of motion 


become 


ee = Uhre e:4) (3:4) 
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when the interaction is switched on. Then the existence 
of the vector field depends on our ability to derive the 
Substdiabyeconattions (2.13) ana (2.14) trom (3.4). 


This will only be possible if 


J am 15) = 0 (355) 


and 


Cer oc) ee Olan (2761) 


This means that there exist vector or pseudovector 


currents or their linear combinations oT such that 


J (x) = $e jah ee 


where Us is not necessarily conserved itself. 

A Lagrangian can be found that leads to an equation 
of motion with a source term that satisfies (3.5) and 
(336)2 For Simplicity we shallconsider the real t1eld 


case. Then the required Lagrangian is 
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where J. is the free-field Lagrangian for the te eeu field 


Guyver yen 2ieLo)r; aoe is the free Dirac Lagrangian and 
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See Apoendix A 814. 
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This Lagrangian leads to the equation of motion 


ee ee = Jy (S10) 


J (x )p = G 
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The source, see satisfies (3.5) and (3.6) and also 


Ye = Ugg ‘ (330 


The fermion (Dirac) field B(x) obeys the Dirac 


equation 

SM ay + M) B(x) = d(x) (34) 
where 
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T(x) = 4 B(x) y B(x) (3816) 
is conserved 
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3.2 Determination of the Interaction Hamiltonian 


To determine the interaction Hamiltonian we use 
the method originally due to Kallén [1950] and Yang 
and Feldman [1950] . 

In this programme we must first define two auxil- 
lary fields lay SS and B(x,o) in terms of the Heisen- 
berg operators and then express the sources wes. and 
J (x) in terms of these fields. 


The auxiliary fields are defined by 


fe} 
eo) 4 1 Let a ; 
My ero? ie (xa)EnG | Oy or Tecnu (eo Jug ) 
(32.18) 
and 
Oo 
BiGe oO) e= Be Cis. | d7x' sTeE (x-x") T(x") - (38297) 


In these equations B'°) (x) and ees are related to 
the asymptotic solutions of the equations (3.14) and 


(A210). The space-like surface, 0, May Or may snot pass 


See, also, Takahashi and Umezawa, 1953. 
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through =the point x. If x does Ime on o we ican establish 


that 
bape) 
Wipy (X79) = Vary %) + G | d°x SW geet edhe x 
St ep CES sie ees) ELAN) 
and 
B(x/o) = B?(x)- | O(n eS (xox (a) ; (352) 


(We have used the notation Way X79) to indicate that 
now x lies on o.) On the other hand, we can write 
down the formal solutions of the equations of motion 


as 


co 


a (o) Ate ret - ; 
Weg We) = Mey (x) + G | Ciax 2 tivo 2) 4 (x-xX yaaa ) 
Gsiea2) 
and 
B(x) = B'°) (x) - | dhe So Ge ies) (3.23) 


In writing these solutions we have in fact assumed that 
B!°) (x) and Wig. G3) are proportional to the asymptotic 
solutions. This point will be examined again later but 


in the final analysis the justification can only be a 
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(oO) (oO) 


We may now eliminate the B and Ue (x) fields 
to express the Heisenberg fields in terms of the auxi-— 
Tvaryetielis. It follows that 


[oe] 


ka 4 
I gyal = iyeph OU + G | d a [9 (x, aor “ee De teary eae x 


— OO 


A(x-x' ect s (3). 24) 


Making use of the’ explicit form of the Klein-Gordon 
divisor we find that the second term on the right hand 


Side of equation (3.24) vanishes leaving 


Pye, Cae ee (3225) 


In exactly the same way we find that 


Biss/o)) = B (x) : (3526) 
However, 
Dee Oe aie a (x) 


+ G | Al [6 (x, -xX Nyy ugen od esa) A 


(3) 


In this case the second term does not vanish. A lengthy 


calculations yaieldsesthe result 


Ey wera = Foe pie Caen yee? (3).233) 
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where 


Nie oe Le =, (3°29) 


Here we are left with explicit normal dependent terms, 
Wivtne the, ald of equations (30.25), (3526) and (3228) 
we Can express the sources in terms of the auxiliary 


fuelds: 


Ji(x/o)e="—G Sia epee Mees oN SGC 


S 
UVTtp 


2 a 
+G Ce TO aC Gt ee cre eae: (3430) 


Ty (x/0) =aG B(x/o) y B(x/o) 5 (B23) 


o-uvop 


It 1S assumed that the auxiliary fields obey the 


commutation relationships. 


Dy Cg A 7 Oe = Ld ea) (2232) 


{B, (x/o), Ba (x'/o) 3 = id), (3) A (x-x') (e083) 


Il 
oo) 
° 


{B, (x/o), By (x'/o)3 (3.34) 


As we can define a similar set of operators for 
each space-like surface o, and we assume that these too 
obey the commutators (3.32)—(3.34);, there must exist a 


UnLtary operator ,..U (0,0) such that 


Bisx/ole= U' (o,0%)B(x/o.) Ulo i) (aeng5) 
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so long as o and o' are finite. In the limit o > -o 


we can only rely on experience [Ezawa, 1963] which 
* 


suggests 
lt  B(x/o) = B°(x) = 22 B.. (x) (Bao) 
O>— in 

where 
A (0d) Bi, (*) = 0 (3037) 
tee Gc)e Ben) = F1d( a) Aix" ) (3599) 
1G F.9d Fee ae 3 Niles 6 (355'9)) 


The constant z is a c-number to be determined by the 
self consistency of the theory. (Equation (3.36) is 
Ene Austie1ecation for writing ther tormal solutions of 
the equations of fmotdonj inithestorms (3.22) sand (3¢23)8) 


Thus, we may write 


B(x/o) = U" (o)B,_ (x) U(o) (3.40) 
where 

Ut) = U.(o> =o) Cah a 

beeen (ee (3.42) 


DimEcownvoLlving tledd quantitlesssuch aseinaceia 
equation (3.36) are always to be taken in the "weak" 
Sense, dec. vase lamits of the matrix velemen tse between 


wave packets, rather than as limits on the operator 
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It is reasonable to assume that 


U(-~©) = 1 (e438) 
ir a 
U (-9) = 1 (3,744) 
and that 
si 
eC onitite =) el (2. 45) 
a) Ub i(oyee tee (3.46) 


in general we can see that for an arbitrary functional 


of the field quantities F(x/o) we have 


ee Ue (c)) . (3.47) 


The relationship (3.45) implies 


ae 
4 eee) i ey ee es ope) (3.48) 
so we may put 
ft outey ae e) (3.49) 


Whee (n,x)) 1s ad Lunctlonal OL ni, and Be) and its 
derivatives. To be consistent with (3.48) it must be 


Hermitian and 


eee Ce) Uo) ee (3.50) 
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Equation (3.49) implies the integrability condition 


R) P ; 3 : ' Me 
[i Deitel = SAO eS MBB Err ret a = in, x?) )). =. 9 Go Rioh 


Lor 


(x-x!)? Sued) ee 


Here the symbol d/d30(x) stands for derivative of the 
explicit ny) s hr ht (ns) 


We can now determine &A(n,x) as 


a. Seen = U (a) [B. (x), &(n,x"') ]U(o) (3°52) 


and because of (3.47) 


i SEES) = [B(x/o), Hin x'/o)] (3.53) 


Finally we can use the definition of the auxiliary field 


Lenget 


[B(x,0),.#(n,x'/o)] = id(d)A(x-x')J(x') . (3.54) 


The same reasoning can, of course, be followed through for 


Wy Lie Hence, 


[yy (8/0) 1H (nyx"/o)] = dd (B)ACeox)T, (xt). (3-55) 


The right hand sides of equations (3.54) and (3.55) 
can be expressed in terms of the auxiliary fields using 


the reLationships (3.30)rand (3.31). Once. this is done 
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we can determine « (n,x/o) using the commutation rela- 
tionships for the auxiliary fields we have assumed. 
Then «(n,x) is found merely by replacing B(x/o), 


ees by the asymptotic fields Bs, (*) and wy (2c) 


pvin 
* 
The general theory shows that this is the required 
interaction Hamiltonian. 
Following this scheme and making the substitution 


Dg San) Bam) (3.56) 


we find after a very lengthy calculation that 


dl 


ee on ee eH acs (oar Ee Rino a) 21 (3.57) 


We have also performed the calculation including 
explicit isospin index reaching an exactly analogous 


result. 


3.3 The S-Matrix 


Now that we have calculated the interaction 
Hamiltonian we can write down the S-matrix. To second 


order in G the S-matrix is 


*k 
Takahashi [1969], Chapter 8);"%pp.20 7. 
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, Avese rl 2 ' ' 
- i | Caex (5 GG") Se ea DN ee ) 


4 : 4 y ms W 
# a1 fa x | x TOs 1g (CX) Ly jd ee (B00) 
The fourth term in this expression yields 


»\ 2 1 " g : 
a fat fat se (88 | RIGS eee ues? 


—- 2 1 W 
* = as Jats iG*e 


Bil on 


€ erent 
UVOO: VOM O. 2O smG 
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ea fatx' G SND yc lE ONS glee (3.59) 
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We can see that in a S-matrix calculation, at least 


to second order, we can replace WU ii4 by 


et 
& 
; Ce i 
heel : a [ne ‘ ‘ : oe 
(Reve? aN %) sb A. Y snh au x t 
| . ‘/ 
bisiv nekes roqgxe reload rot peret aye a 
a, ’ bey ' ~) : i 
4-6 eae ma | Pee Ou 5 ve eT rd! ie 
" Pp )) Byge 
iy Et Ss > My we et) * 
' vil i = 
CU ae higd te 20h Soa (aad Ph <" 
| Bis.) 
W - y ar i “9 bs) 
(Peet. Ye yegient, FPR a ior > 7 
i] 4 t i dy 7 q i . > A % 
[) b [ a4, Tick x) A od ne *! ) ¥ aa £ + 
toe 
| sa Lao® 6b 
»! 
. " 
‘| A) ying 45 a die] ws) a 
POR st) 


) ntente tie 5 


50 


(ud ) (3267) 


int’ effective — coe 


so long as we also replace the T-product by the T* 
product. ! This property of the S-matrix seems to be 
generally true and has been referred to as "Matthew's 
Rule” < 

In the paper by Kyriakopoulos [1969] where a 
Similar spin-one theory was discussed the interaction 
Hamiltonian does not reduce to rete Ae in S-matrix 
calculations. This result seems to stem from the fact 
that he had to impose the symmetry condition (2.13) 
separately so his Lagrangian did not contain the complete 
information about the field. In addition he made no 
attempt to’ preserve the gauge-invariance so he also 


considered an interaction term Bo, yBr where re is 


rv 
the skew-symmetric tensor field. This type of term is 
excluded from our theory by the conditions (3.5) and 
fom Ovne 

We have mentioned that the mass equals zero limit 
does not usually exist for spin-one theories. This is 


1 terms in the S- 


because of the appearance of (m7) 7 
Matrix elements. In this theory however it is interesting 
to note that the mass equals zero limit does exist for 


internal meson lines. 


* 
i The T=product and T -product are defined 1n Appendix A. 
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Tosi llustrate this, let. us consider fermion 
scattering with one-meson exchange. To second order 


in G the S-matrix is 
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Integrating by parts we can cast (3.65) into the form 


(eM) aa 2 4 4 ' - . 1 
s(2) = cPlatafate' (-2i) (06,2, a) 0, HIT, (IT, (x) 
(37.0'0;) 


We observe that the characteristic term 


(U6) < aes 


of a gauge-independent theory appears in the S-matrix 
and that all terms involving (meme as a coefficient 
have disappeared so we can take the m>0O limit for such 


processes. 


S24) the Relationshipesto thepUsual Minimal, Coupling 


of the Vector Field to the Dirac Field 


We have shown that although we do not have such 
a simple connection between gauge-invariance and the 
interaction Lagrangian as in Quantum Electrodynamics 
our gauge principle does indeed restrict the form of 
the interaction. We will now show that our interaction 
is equivalent to the usual "minimal" coupling of the 
vector field to a Dirac field when the gauge is fixed. 

The equations of motion we have obtained for the 


tensor field interacting with the fermion field are 
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then we can write 


2 
ees) 007 Me aa een ees? Bo) (3.74) 
This is exactly the equation of motion suggested by 
Coombes [1968] to describe the photon; the p>0O limit 
being taken at the end of any practical calculation. 

The gauge can now be fixed so that the vector 


field obeys the Proca equation. To do this we note 


that equation (3.74) implies 
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£EOGe any arbitrary function & (x) 2 sAs the theory is 


invariant under the gauge transformation 
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To see this, let us make a gauge transformation of 


themlertehand Side or (3.75) 
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Cee Geen oie) (Bye lig (3.83) 


We have shown that fixing the gauge in such a way as 
to regain the Proca type field equations for the boson 
wesare ledsto the, usual. form of. minimal’ coupling plus 
a four-fermion current-current interaction. What is 
also interesting is that we have a definite relationship 
between the two coupling constants that appear in the 
theory. 

We have calculated the effective interaction 
Hamiltonian for the system described by the equations 


(2.0 /PmanGed 3.66) andehavye foundethat it 1s just 
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In this gauge we have the possibility of a bound 
state of a fermion and antifermion pair arising through 
the current-current interaction. This possibility will 
be discussed in chapter five when we calculate the pro- 
pagator for the meson field. But first we will digress 
to discuss a slightly different problem involving a 


four-fermion interaction. 
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CHAPTER 4 


FOUR-FERMION INTERACTIONS 


The interaction we considered in the last chapter 
raises a very basic problem of Quantum Field Theory: 
The renormalization of theories in which bound states 
appear, or more generally in which more than one mass 
is associated with any one Heisenberg field. In this 
chapter we will look at this problem and, in particular, 
investigate a model in which the usual Yukawa pseudo- 
scalar meson interaction with the Dirac field is modified 
by a four-fermion term of the type that appeared in the 


vector meson interaction. 


Zener Oaguctelon 


A four-fermion interaction term corresponds to a 
Feynman diagram in which four fermion lines meet at a 
point. If two of these go on to another four fermion 
junction then the fermion-antifermion pair that propa- 
gates between these two vertices will behave as a 
composite particle with integer spin and zero fermion 
number. We will have a bound state which, in general, 
will be associated with some mass different from the 


mass parameters that enter the original Lagrangian. 
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The multi-mass aspect of the meson propagator 
enters our theory at another level. The asymptotic 


vector field obeys the equation 


2 _ 
(U m (06, - 3 ORY VS = 0 Cates) 


Vv 


which suggests that both a mass m and a mass zero com- 
ponent will be present. This equation is also the 
equation that describes the vector field that appears 
in the spontaneous breakdown of symmetry in the Nambu 
model [Nambu et al., 1961] as has been shown by Aurilia 
and Takahashi [1971]. If this were not an asymptotic 
field equation but rather a free field equation derived 
directly from a Lagrangian we would expect the propaga- 
tor to have the momentum dependence 
A uk 
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(4.2) 
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where the residues at the two poles would have opposite 
Signs. If this were the case, we would not be able to 
simultaneously normalize both the mass m and the mass 
zero states. In our theory, equation (4.1) is not 
directly derivable from a Lagrangian so it is very 
difficult to see how to proceed with the analysis of 


this problem. 
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In this chapter we will examine instead the case 
of a Dirac field interacting with a pseudo-scalar meson 
through a Yukawa interaction to which is added a four- 
fermion current-current term. In this theory a fermion- 
antifermion bound state appears allowing us to examine 
the problem of renormalization under these circumstan- 
ces. 

To see exactly how a problem arises when a field 
is associated with more than one mass state, let us 
consider the features of the one-body propagator for a 
spinor field which has a finite number of stable states 


* 
with masses. 


i ee 


We may expect that the propagator obeys the equation 


Hees Ome Mid y 1) ) 5) Cy eae (4.3) 
where the masses are the roots of the equation 
osu =-— Mia) =o . (4.4) 


We will assume that these mass values correspond to 
Sumple: boots Of<¢(4.4) sand that theysare all ingthe 
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Umezawa, 1956, Chapter 18. 
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(ae SS eh bo (4.5) 
The operator 
Tey) Pea (TV ep a= a oh (=)! (4.6) 
can be written in the form 
n 
Aegon) SS eg a T (iy-p - m3) ) (4.7) 
= 


where a(a) has no zeros for a < c. 


For each mass we can define a constant z (3) by 
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C3) 


It follows from (4.9) that the sign of Z alternates 


with increaSing j. 
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ms) 


i) Ge eA Se) 


( <a ey m= integer . (4,11) 
Z 


In other words, half the Z's are positive while the 


other half are negative. 


(3) 


However, Umezawa has shown that Z can also 
be written as 
2° = <ofyip 9?) |p s< pD Grp) jos (4.12) 


in which case we are led to the conclusion that 
(J), Gs the conjugate of <p) GJ o> only for 
(3) 


<O|¥|p 
EnOse Lor which Z is positive! The Hamiltonian 
can then no longer be hermitian and we must expect a 
NON-Unitary o-MatLix. 

If we are to avoid these conclusions, and thus 
the entire breakdown of our theory, our assumptions 
must be incorrect. In particular, we must assume that 
a(a) does have singularities in the domain a < c. 

What is more, it must have a singular point between 
each root ray anaethe nest, aoe inn as-in. Figure le 

Mets noteat all obvioussthal. thismise che hand 
of behaviour we should expect to get from a realistic 
calculation. We will show that these are exactly the 
features we find in a(a) for the case of the Dirac 
field interacting with a pseudo-scalar meson through 


a modified Yukawa interaction, at least in the pair- 


approximation. 
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Figure (1) 


A sketch graph of the function a(a) which appears 
in equation (4.7). The graph is to illustrate the 
necessary distribution of singular points in relation 


(3) 


to the mass values m 
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In the Lee Model (Lee, 1954) we know that states 
with negative norm, the so-called ghosts, appear. We 
Wr De lockwatatiiic modelprirstiyeacmang Liuctrations oF 
the techniques we shall use for the Yukawa case but 
also because the model can be solved without recourse 


to an approximation. 


4.2 The Lee Model 


It will be assumed that the general features of 
Cheguece Model aregwell knowns tou the reader. All thaw 
LS, in tact, necessary to understand this section 2s 
that the model describes a fermion that can exist in 
two states, the V-state and the N-state. When in the 
V-state le Cansemit asbosonscoscranslLormer1tselfl into 
theyN=state. — The N-state -cannolrsemit a boson! but can 


absorbyone to return to thesV-state. Symbolically "this 


can be summarized by the equation 
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fact that only the V-state mass is renormalized by the 
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interaction. The bare N mass and the » mass coincide 
with their physical values. 
As the model lacks an antiparticle corresponding 
to the V and N fields it is intrinsically non-relativistic, 


sO we can use the Schrddinger equations: 


(+) 


ne Kops) Yy = 7Ily POLES (4514) 
=a) eS) ; (4.15) 
(8, + Moby = =gyo (4.16) 
(10, - w (977) 57? (2) Sl ere ney (28 ta) 
(-ia, - wiv7))o' (x) = Keener Vr (4.18) 
where w(k) is the energy of the boson, i.e. (k*+m*)* if 


the mass of the > particle is m. The non-local aspects 
of the theory are clearly illustrated by the splitting 
Of the ¢ field into its) positive andinegative frequency 
Parts, ea. and Nae This involves an integration 
over all space. 

For the free fields we can write the Green's func- 


tions as: 
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<0(|T(6 7) (x) 64) (x")) JO> = EA (xex") (4.20) 
<0 a =i ' a (N) ais r] 
[T (by (8) by OR") ) [O> 1 Saha (x=30h)) : (4221) 


The quantities on the left hand sides of these defini- 


tions obey the equations: 


Oy or ep! si) (x-x') = 54 (x-x") ; (4.22) 
(a, +m) SO (xx) = 64 (x-x") (4.23) 
; 2 ih 4 
(10, - w(V))A_(x-x') = ——— 6 (x-x') J (4.24) 
t S 2 (9°) 
Explicitly we have 
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C20) My= OD prac 
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(27) 2w (k) (k -w, +ie) 


The first stage in our investigation of this model 
is to determine the mass correction 6k. To do this we 
must calculate the Green's function for the V-particle 


when the interaction is present. We denote this by 


g(V)! 
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-is $Y)" (x-x') = <O[T(Uy (x) Vy (x")) [0> (4.28) 


Using the equation of motion (4.14) we see that 
(84 + Kopg) <O1T by (x) ry (x")) [0> 
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= =16 (x-x') + <O/T (n(x), (x')) | 0> : (4.29) 


To simplify our future expressions we define a function 


u(q)) by the equation 


sO) (x-x")A (ex!) = = = i Jat Se eae 
(27) (4.30) 


We can use the free particle propagators Sear) 
and A (x-x") LOuhe-express the wrighe Nand was tiese 


are not renormalized by the interaction. Thus, 
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If we put q = pt+k we get 


(N) ' ‘ = i 4 a (x-x!') 
So Gexn) Ati x=x'Je=-= Ja qe q 
S Cc (27) 
T 3 ik il 
Spear | * Zotk) (Weg tutky-ie) eee) 
so we can see that u(q,) can be written as 
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In the final equation we have inserted the Fourier 
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The object of the renormalization procedure we 
have followed has been to preserve the pole in the 
renormalized propagator at the "observed" mass of the 
V-parbtircle. ~The propagator givensby. (4.5/7) cexntainly 
has such a pole but there is also the possibility of 


a second pole if for some value of dor Say My 
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the possibility of a bound state. However, it is easily 


shown that 
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The left hand side must be finite to agree with our 
identification of Paegs with the physical coupling 
constant. The second term on the right hand side is 
however positive and infinite so g? must be negative! 
It follows that the Hamiltonian is not hermitian and 
the S-matrix non-unitary. 

We will not examine this model further. The 
results we have obtained are well known. They are 
only included here to illustrate the methods we will 
use for the Yukawa case and to show how the problem of 
negative norms arise in theories involving bound states. 
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case the problem of negative norms does not arise for 
exactly the same reason that it does not appear in 
the Yukawa case when the four-fermion interaction is 


taken into account. 


4.3 The Modified Yukawa Interaction 


Now let us turn our attention to a physically 
more interesting model. We will consider the case of 
a fermion field coupled to a pseudo-scalar meson through 
a Yukawa type interaction to which we will add a four- 
Fermioneinteraclion.@elhestotal Lagrangian density 2s 
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Using the usual notation, we will define the un- 
renormalized propagator for the meson field when the 
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where ome x') es the propagator for the fermion field. 
This is, of course, unknown at this stage as, unlike 
the Lee Model case, it will be renormalized by the 
interaction. However, wemcan ateleast Eormad ly -cail— 


culate <0|T(b(x) yo (x) ,6(x'))|0> using (4.73) 
<O|T (P(x) yoW (x) 6 (x")) | O> 


are a fat pelle asc) ate 
(27) 


« TrlysS_(p) Ts (p/p-k) 8, (p-k) ID (k*) . (4.74) 


L v 
The quantities S.(p) and Da. (p) are just the Fourier 


transforms of the propagators: 


S_ (xox!) a i fate ENE Tey ; (4.75) 
2) 

D. (x-x") Saath ; fat Smid 0-506 (4,76) 
(27) 


' i] 
We have also written Da (k) = Do (k*), recognizing tChatewe 
can only be a function of koe 
To simplify the equations we can define a func- 


tion w* (7) WoLeheplaycmcuile sro lemoOr X(q.) that appeared 


in the Lee Model. 


j=a- —i+ jatp Tr[y,S,(p) T's (pip-k) S, (p-k) | 
(eu) (4.77) 


- - 
avo 
ia (ee hg ia ry ee 


> 4 - 


>> 


(E72h} pia bj les salah otaah od 
~wt'z00% @al Fept ous (ahi ets tH), watsistnsup edt - 
:avasspagqei fe So anchensts | un 


a 

(ave) 1 4a). tg (t eonierky ss ree = (aed 8 _ 
| , 

7 at iY : W's ¢ “eit lg ‘oud ir a (tam a 7 


’ 


+) iis’ 4dEMRghoes l* Weds (a) a cule: evad aw 


a 


rt 


19 


Therefore, 


<O|T(Y (x) y5H (x) 16 (x")) [0> 


ie fat otk (x-x") 


2 \ 2 
ae (ieee) Di Ko)” 35 20 Vere!) 
‘One c 


We can now write equation (4.72) as 


(O = 7) <0]T(o (x) ,6(x")) [0> 


i 
(27) 


fats Saieaey ea Ror pD MC) 


7 Gs 7 | v 
& & AE fat oik (x-x )a* (k2)D (k2) 
Cc 
(27) 


=e 1 za"x alk (x-x Di (k?) + Gaby 


(27) 
(4.79) 
This implies 
| i] U 
-(k*+u7)D¢ (k?) E -£7n™ (k*)D.(k*) ~ Au7D, (k*) + ey aes 
Ow 
oe ae ay 
D, (k ) = a Devers ee 3 (4.81) 


eee aes” Yio Nes 


To ensure that this ,exhibits sa spolegat the phy-— 


Sical mass of the meson, u, we must have 


£21 (-u7) +f Au? = 0, 


(i 


: i 
“yng ait do elvuqy & edt 


eo a — 


~h) 


* agro 
om (x) ¥ ae 


r’ © 

ar 
SH batl (3) * 
Paths 


- 
(tbe alge hy if 3 
» ae “us 


E . = 
a : 
we (2°.>) nottelpe sed aie 


ni S85 


col uc lady Gah on (Pg th 


oe aT oe ee (2K i i) 
Coo AT ye RT =) 7 as) ie oat 
ee 4) (PR) 
- 
‘ i 4 
ah iy, ia 
Cte 2 eas 
} + AY ay = (A) 4 
= : it~ 
¢ See 
*ah- aot? o4- 
. : 


fl we ate si 


vo 


80 


Au? = - £2n* (-u2). (4.82) 
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only a fermion-antifermion pair is allowed to be created 
when a meson is annihilated. In this approximation 
S_(p) 2 Sop), i.e. the fermion propagator has the same 
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loop. Ihe subscript’ "pp" "isthe usual notation used to 
designate that J, (k*) is the integral for the pseudo- 
scalar-pseudoscalar fermion loop. Summing the series 


(4.83) we get 
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m*(k°) = ——P—___—_. (4.85) 
oe Gar eee 
g oo ) 
Thus 
; £73 (a) 
IAS Ute Sues 5 : (4.86) 
1 = 2g J_(- 
( g p! ey) 
The summation procedure we have used to derive 
this expression needs some further justification. If 


we calculate J, (k*) we see that 


Tk?) =P a'p trlySp tp) yes. (Pk)) 
(27) 
a ee (4.87) 
F (Gegicl SP ahi 7 Bs) 


When we express this integral in dispersive form’, that 
is 

2% 

2 Amy = 


Z 
OL = — dx 
p(k) 5 


a Die ea (4.88) 
8 2 (imeaet tis) 


Tovisecleamethac, strictly speaking, 3, (K*) is Antinite. 


i The derivation of equation (4.88) is given in 


Appendix C. 
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For the rest of) this calculation we -shall. introduce 
GmCutc—OrL te as the upper bound on the parameter oe 
This does not remove all the problems with our 
summation procedure. For mathematic rigour we would 
have to pick A so that |2ga(k*) |<2. Instead we will 
look on the diagrammatical decomposition as a tool to 
beachmrhe wesult (4°86) and: qusticy at by showing ehat 
the same result is obtained if we use the more rigorous 
Bethe-Salpeter approach. This calculation reproduces 
the results we have already obtained so we have relegated 
it to Appendix D. 

We are now in a position to examine the pole 
structure of the meson propagator, Dd) To 7S im— 


plify some of our expressions, let us define a function 


b(k“) such thatr 


2 


Deere d auc) (= bik) (koe te (4.89) 
p p 
Equation (4.88) gives that 
D2 
© eG ane 
ey di, 2 x 
iii) = | ax PCR oe ab A (4.90) 
gre J 2 (x74+k2) (x7-17) 


Using these results we can write the propagator as 


Di (k*) =e" (4.91) 


where 
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£* b(k?) 


B(k2) =) (k7+u-) [1 - . 5 
(1- 2g J,,(k?)) (1- 2g J, (-u7)) 


] 


(4.92) 


Equation (4.92) clearly shows that the propagator has 
a pole at ee 0, i.e. at the physical meson mass, 
and another at the fermion-antifermion bound state mass, 
Ups given by 
Z 2 


5 ae = A. (4.93) 
(la=529 Jy (Up)? (l=2g J, (ou )) 


This result is again in agreement with the result derived 
from the B-S formalism given in Appendix D. 
It can also be seen from equation (4.92) or more 


directly. trom (4.91) that 


JF (k*) 


ines 0) (4.94) 
ok 


and that F(k*) has a Singular point at fees Once 


2g en) = iy (4.95) 


A sketch graph of F(k*) for negative (physical) «2 is 


given in Figure 3. The behaviour of F(k?) has been 
examined numerically to make sure that a solution of 
(4.95) exists. We have found that it is possible to 


find combinations of the various parameters, A, g and 
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Figure (3) 


A sketch graph of the behaviour of F(k*) £OG 
negative kK? showing the zero at the bound state mass, 
Ups and at the physical meson mass, wu. The value of 


9? is determined by the solution of equation (4.95). 
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fF appearing in our result, that will give a solution 
Oi Ups The actual numerical value, of course, can 
be made to vary over a very wide range but it is 
ineeresting te notice that form ase large as 1000 4m? 
we can still make ue less than Am for not un- 


reasonable Values Ol er sandag-. 


The problem that’ remains” is to determine the 


Signs Of the sresidues Of thes propagator vat koe -=0 
and at k*+u;=0. 
If we write 
Fe?) = (k74u*) (k*4ue)g(k*) , (4.96) 
then 
OF = (kup) g(k?) + (k*+u*)g(k*) 
dk 
A Ge 
+ (k7 ue) (k?4u2) g! (k?) 
>> Oar. REC) 
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But using (4.96) we can write the propagator as 


It follows that the residues at the two poles have the 
Same sign. There is no ghost. 

The situation that we have in this case is just 
that required by Umezawa in that we have singularity 
cla) F(k*) between each of its zeros. 

It will be remembered that the appearance of the 
ghost in the Lee Model could be traced to an incon- 
Sistency in the definition of the renormalization 


(1). 


constant Z We must check that no such inconsis- 


Lency is built, into our theory. The definition of ithe 


(u) 


renormalization constant Z , that is associated with 
the state of mass u, is 
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Tiewerderines the physical couplingmconstant cae in 
the usual manner as 
Ce GUO en 
Dee = Z E (4,103) 
we have 
{ 
5 rok i see gay * (4.104) 
ie 6 (l= 2g J, (7H i) 


in this case the second term on the right hand side 


is convergent so we have no difficulty. In fact 
ibe PANN ga) | (4.105) 


aust wigs, Klee, hulle he 


4.4 The Boundstate Coupling Constant 

To conclude this chapter we will derive an expres- 
Sion for the coupling) constant, that. governs the fermion, 
antifermion bound state vertex. 

The Bethe-Salpeter amplitude for the fermion 


field is defined as 


<O([T(¥, (x) p¥aly)) a> - (4,106) 


se (x,y) 


In Appendix D we use this definition to derive the 


equations 
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(v8 (x) +m) x, (ry) (-y9(y) + m) 


: 4 
a ASK is) (x-y) Y. ee 


“if 6° (x-y) (iy,) <0|o(x) |a> Coins 
and 
eae oe ee 
(ae Me sae yl %y == Lt Meets tl P (AS 0'8)) 
where 
eOlotx)la> = (21) eas ee (4.109) 


If we treat the bound state as a stable composite 
particle we can extend the reduction formalism to in- 
clude these particles. The main problem in this is to 
define a suitable interpolating field which tends 
asymptotically to the required bound state in and out 
states. There is considerable arbitrariness in any 
such definition [Lurié, 1968]. A suitable definition 


that will lead to the required reduction formula is 


2 


£ 
9,<0|B(x) |q> oe LAG oo ee TL LYS Xq (X rx) J : 
(u ~Hp Au ) 


(4.110) 
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in this tde fa nit-von,e B(x) Ss tthe ile laltthat™corresponds 
to. the outgoing particle with mass Uy, and Sp is the 
required coupling constant. This relationship is 
Srtblar to one used by Aurilia [AUrtiaa et al, 1972) 
for a slightly different problem. 

The complicated coefficient on the right hand 
side of (4.110) can be simplified if we remember that 


the bound state mass was given by 


2 
Diy eo pler 2 oa) 
= eS Au = 5 5 Ca Seles) 
1 A 8 | Yells) 
Therefore, 
2 
2g. st: ae ae eee . (Ax) de2:) 
(u?-ue-an*) a (“ue 
eo tee pp 


Equation (4.110) can be rewritten as 
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after we have factorized out the "centre of mass" depen- 
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See Appendix D, equations (D.11)-(D.13). 
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Formal integration of the B-S equation, (4.107) 


yields 
Cd eel (0) 10(z:q) 

+ if Os OCZ sch) ae, (45 149) 
Q(z,q) = -ifaty S.(F- vy) 68, (2+ ye < Carr is) 


Use’ of equations (4.4108) ¢5( 4.09), and, (4.114 )gives 
the bound state contribution to the Bethe-Salpeter 


amplitude as 
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aq’ jq +2=0 


2 
Cet hie ec Tae (4.120) 


Ee aS een ceresuing =LO NOLICe tiat. tule pectin. 
independent of the coupling constants that appear in 
the original Lagrangian except for their determination 
of Up 

The model we have discussed in this chapter 
Selves, cO Show that the introaquction, of a Lour—-rermion 
interaction leads to the possibility of bound states. 
What is more important is that these will not necessa- 
rily be "ghosts". The bound state we have looked at 
in this section has fermion number zero but we can 
easily imagine a bound state of a fermion and a scalar 
meson that would carry fermion number one. Sucha 
bound state could correspond to an excited state of, 
say, the electron that we could identify with the muon. 
ieeLsegunce: proodable wlhiat aesuLa1 cl ene macssudi flerente 
could appear through a 67 (bw) interaction that would 


have many of the feature of the modified Yukawa inter- 


action. 
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CHAPTER 5 


THE PROPAGATOR FOR THE SPIN-ONE FIELD 


In Chapter 3 we examined the interaction of 
a Dirac field with a spin-one field described by a 
skew-symmetric second rank tensor. It was shown, 
that when the gauge is fixed in such a way as to 
regain the usual Proca equation, the interaction 
reduced to the form given by minimal coupling except 
that in this case we also have a four-fermion term. 
It was speculated that this latter term could produce 
fermion-antifermion bound states in the same way as 
a four-fermion interaction does in the modified Yukawa 
case. 

In this chapter we will investigate this possi- 
bility in more detail using the same method we used 


for, the. pseudo-scalar meson theory. 


Bal The Propagator 
The equations we arrived at in Chapter 3 when the 


gauge was fixed were: 
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ees + m) B(x) = reas ieee) 
mae Oe 
+ =35 (B(x) y B(x) )iy B(x) . (See) 
Me p ie 


The subscript zero denotes the fact that the mass para- 
meters that appear are the bare masses. 

ihe principal strengehn of Our formulation 1S staat 
WeE@Nave a GCefinite prescription for Jamiting the possi — 
ble form of the interaction Lagrangian. This has led 
us to a theory which depends on only one coupling 
constant, g. This constant was related to the constant 
Gethat appearea Aap our original swuegrangian’ (3.6)— (3.9) 


by 


gree /pur 9G tL: (5.4) 


Thos, is a rather unusual relationship: The bare! coupl— 
ing constant depends on the bare mass! (The coupling 
constant ton the L£our-fermion, parteor the interaction, 
however, is gue which is independent of Hoe) 

In the usual way, we can write the equations of 
motion (5.1)-(5.3) in terms of the observed masses, 


u and Mobs of the meson and fermion particle res- 
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pectively: 
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where 
uu - Au =u 2 (Sn) 


Following the method we used in the previous 
chapter, we define the unrenormalized propagator, 


' 
Di, (x-x'), as 
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result that the Schwinger terms that appear in the 
various equal time commutation relationships are of 
the form derivative of the four delta-function [Roman, 
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As in the case of the pseudoscalar-pseudoscalar 


closed loop integral J, (a*) it is much more convenient 


to deal with the dispersive form of (5.22), i.e. 
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We know, however, that as far as S-matrix calculations 
are concerned we can ignore the terms in the propaga- 
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same way as in Quantum Electrodynamics so long as the 
vector field is coupled to a conserved current. Effec- 


tively we have 


6 
' 
We, EE ON ee ee 
Bias: 5 5 ao a : (Ces) 
Guo oS Seems rapt Y 
Lee ak 


The mass correction, Rice is determined by the 


Condition! that theypropagator should have a pole at 


the physical meson mass up. This demands that 
2 Be Nene) 
Se Se eG Ve ee (5.35) 


(le fuca (ei) 


(Og 


2 Pp 2 
Zee CaN Cea ee (SoG) 


Au 
besa lei 


Using the definition of g, (5.4), we can simplify this 
result: 


hone oe AM a) (om) 


Before proceeding, togsee af there 1s anotherspole 


in the propagator we have obtained corresponding to a 


ins de\paot da’ 


L4a?%2 ,¢éneassio ; 


1 


edd yd Bente a?sb ne ia nokiestsce sesat ed? \ = “)- 
: 7 . a} 
$4 oleg 4 @¥ivi Ainetia tosepegoyy oat tadd goistbaos * » 


jets ehuengh paa? .y Asem céeee feckeyriq ede” 
a at 


(or. 24 —— % _ 
t . r/ . a5) 7 7 —_ 
@eds Yeigemie ake be 4 (4.27 4p ie Gedednited art? “paiel | 
- , tua aa - 7 
. - : | - : : 7) . 


Caer, 


ok, ees 
Capa 7h: 


ee re 2 


i Pe a? 
T 


101 


bound state, we should check to see that the results 
we have are in agreement with the Bethe-Salpeter 
method. 

The Bethe-Salpeter amplitude for the fermion 


field ts defined as 


a8 uh 
ey) = <0/T(B, (x) ,B, (y)) |a> : (5.38) 


Applying the equations of motion we get 
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This equation can be formally integrated to give 
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In this equation we have reintroduced the notation we 
have used previously for the fermion closed loop in- 
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BC) eae as tionk Aico (5.50) 
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These conditions have the same form as those 
we obtained for the modified Yukawa interaction except 
that now we only have one free parameter, £f. In fact 
equation (5.55) and the equation for the bound state 


mass Up, 


ihe Si (5.56) 


give us two equations for f in terms of &, the singu- 
larity. point and Up: For any value of the cut-off 

that must be introduced into the integrals that appear 
in the definition of A(q*), these two equations are 
inconsistent with the restriction that 2% lies between 

u and Up: We dre "theretrere Vedyto the conclusion that 
no bound state exists in this theory within our approxi- 
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NOTATION AND CONVENTIONS 


The following notation and conventions are used 


APPENDIX A 


throughout this thesis. 
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For the four-gradient differential operator opera- 


ting to the right we use 
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Hence, 
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The symbol t is reserved for hermitian conjuga- 


ion. 


Field quantities in the Heisenberg picture are 
represented), forsnexample, by ieviea while those 
in the interaction picture are represented by 
Wy tx) This convention is carried over to the 
case of currents, hence 
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APPENDIX B 


SOLUTIONS OF THE KLEIN-GORDON EQUATION 


The following functions related to the solution of 


the Klein-Gordon equation are defined as: 
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THE DISPERSIVE FORMS OF THE FERMION CLOSED LOOP INTEGRALS 


The pair-approximation applied to the modified 
Yukawa interaction considered in Chapter 4 necessitates 
thevevaluacion or the inteamal J, (k*) corresponding to 
a pseudoscalar-pseudoscalar fermion closed loop. In 
this appendix we will show how the dispersive form of 
this integral is derived. The general method we shall 
describe for Jy, (k*) is quite cumbersome to carry out in 
practice so we will also list a number of very useful 
formulae for these recurring, types of integrals. These 
formulae are applied to the vector-vector integral, 
day, a, ES derive the dispersive form we used in Chapter 5. 


Equation (4.87) defines Jy (7) as 
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As we have shown, it is much more convenient for prac- 
tical purposes to rewrite the expression in (C.1) in 
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If we make the change of variable 
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The denominator is entirely in terms of p? so we can 
drop the linear term in p from the numerator as it will 
not contribute to the integral. Now the whole integral 
only depends on q*. 
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If we apply these formulae we can obtain the follow- 


ing results for the fermion closed loop integrals: 
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APPENDIX D 
EVALUATION OF THE MASS CORRECTION FOR THE MODIFIED 


YUKAWA INTERACTION USING THE BETHE-SALPETER APPROACH 


In this appendix we will calculate the mass 
correction, Age? for the modified Yukawa interaction 
using the Bethe-Salpeter approach [Salpeter and Bethe, 
1951; Gell-Mann and Low, 1951] rather than the propa- 
gator method we used in Chapter 4. 

The Lagrangian (4.67) leads to the Euler-Lagrange 


equations: 
(y.d+m) p(x) = 2igy.w(x) (ip (x) yop (x)) 
a smy (x) + ifyop(x) d(x) , 
= n(x) ji (Dee 
P(-yotm) = 2ig (ib (x) vob (x) ) (x) Ye 
+ 6mp(x) + if~(x)y.o(x) , 

eer) oy (D2) 

(0 - u7)o(x) = -ifP (x) YC) - AUAb(x) , 


= 4(x) . (D.3) 


The Bethe-Salpeter (B-S) amplitude xg (XY) is 


defined as 


“Bony. Sid ee rey PERE 
a) seaped> ‘art borate 
se deabed-<sint of5 Uz ebaol (Vavh? | 


Rg 


. 7 — 
(C4) ps9 Gee) Le) Yoyedde = Gey times yy 


: ; 
. 
: 
a 
a 7 
a 


» tae Grice thea. + 
“= tin m 
> Fa ete GSR = fewkys Ne 
Behe GORRE + (been + ‘ee 
a i,» txt a = 
; twat = (oka «aot = m1” | 

i a. ‘ee 7 , 


Pe > 


be tyne) “Cy chore ign (2-8) sats iek dred eat) Ty 


oo 
1. 


. a) - 


7 sais 


xOP Gry) = <0] T(y, (x) ey (y)) [a> (D.4) 
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Kou Te: 


q ry) 


Xq (ery? = x 


- 2ig)a*u Se eee a eK ad 


4 
- it{a u S, (x-u) iy,S. (u-y) <0] $|q> . (Deo) 
The quantity eae is the solution of the homogeneous 
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The first term on the right hand side of (D.8) represents 
the free-fermion contribution and vanishes if |q> 
represents a bound state. 

It iS more convenient, at this stage, to factorize 
out the "centre of mass" dependency in the same way as 
we would for the Schrodinger wave function by making 


the change of variable 


= (x + y) (D.10) 


ta 
I 


N 
il 


Ce ey) aa (Ded) 
Expressed in terms of X and Z the B-S amplitude is 


yrF (x,y) Ome, ee 


ap 
? e IDs ue) 
é Xq (2;q) ( ) 


See, Lor example, D. lure, 1908. Chapter, 9. 


ent wit EY + ry at 
( ata Sips 
(eas) - th < ye ho 


etieeergs.1. (Sid) Socebre’ boat Peet ettt regia 
2fil ah sadleakeip’e “bate ee - 
.siste babod s Binsesagex | ¥) 7 

snbsOtoet of , sete Sicd 75. .gasinevitoer exom et SF _ 
ae Yaw Suite edz Rb yoretnegss hen tio aaah an ee 


pitinn Yd motioned ovew “apn lBesio Stig 403 biuow ow 
Sidethes to bree 
am 


(lve) ae «i % ia 
oe " - : 
(1i.0) ~ = a= . or ae 
si shotalqms 898 el %) Bab X20 leeremt cue 
terse why hy ay 2 cara gE | : 
cal 7 ‘ed 


kes 2: iu py 


. 


@ aedged) #28. (Sunt GO. 


123 


Equation (D.8) can then be rewritten as: 
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If we only consider those states |q> that correspond 


to a bound state we can put eC (q) equal to; zero: 
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This result is in agreement with the result we obtained 


in Chapter 4. 
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we find that the equation for the bound state mass is 
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This, again, is the same as the result we obtained in 
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